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ON THE NONEXISTENCE OF FAT
PARTIALLY HYPERBOLIC HORSESHOES
JOSE´ F. ALVES AND VILTON PINHEIRO
Abstract. We show that there are no partially hyperbolic horseshoes
with positive Lebesgue measure for diffeomorphisms whose class of dif-
ferentiability is higher than 1. This generalizes a classical result by
Bowen for uniformly hyperbolic horseshoes.
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1. Introduction
Let M be a Riemannian manifold. We use Leb to denote a normalized
volume form defined on the Borel sets of M that we call Lebesgue measure.
Given a submanifold γ ⊂M we use Lebγ to denote the measure on γ induced
by the restriction of the Riemannian structure to γ.
Let f : M → M be a C1 diffeomorphism, and let Λ ⊂ M be a compact
invariant set, i.e. f(Λ) ⊂ Λ. We say that Λ is a hyperbolic set if there is a
Df -invariant splitting TΛM = E
s⊕Eu of the tangent bundle restricted to Λ
and a constant λ < 1 such that (for some choice of a Riemannian metric on
M) for every x ∈ Λ
‖Df | Esx‖ < λ and ‖Df−1 | Eux‖ < λ.
We say that an embedded disk γ ⊂ M is an unstable manifold, or an
unstable disk, if dist(f−n(x), f−n(y)) → 0 exponentially fast as n →∞, for
every x, y ∈ γ. Similarly, γ is called a stable manifold, or a stable disk, if
dist(fn(x), fn(y)) → 0 exponentially fast as n → ∞, for every x, y ∈ γ. It
is well-known that every point in a hyperbolic set possesses a local stable
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manifold W sloc(x) and a local unstable manifold W
u
loc(x) which are disks
tangent to Esx and E
u
x at x respectively.
A hyperbolic set Λ is said to be a horseshoe if local stable and local un-
stable manifolds through points in Λ intersect Λ in a Cantor set. Horseshoes
were introduced by Smale and appear naturally when one unfolds a homo-
clinic tangency associated to some hyperbolic periodic point of saddle type.
It follows from [4, Theorem 4.11] that a C1+α diffeomorphism cannot have
a fat hyperbolic horseshoe, i.e. a hyperbolic horseshoe Λ with Leb(Λ) > 0;
actually the result in [4] is proved for basic sets. Nevertheless, here we ob-
tain a generalization of that result to a much more general situation. Let
us remark that fat hyperbolic horseshoes exist for C1 diffeomorphisms, as
shown in [3].
We say that a compact invariant set Λ has a dominated splitting if there
exists a continuous Df -invariant splitting TΛM = E
cs ⊕Ecu of the tangent
bundle restricted to Λ, and a constant 0 < λ < 1 such that (for some choice
of a Riemannian metric on M) for every x ∈ Λ
‖Df | Ecsx ‖ · ‖Df−1 | Ecuf(x)‖ ≤ λ.
We call Ecs the centre-stable bundle and Ecu the centre-unstable bundle. We
say that f is non-uniformly expanding along the centre-unstable direction for
x ∈ Λ if
lim inf
n→+∞
1
n
n∑
j=1
log ‖Df−1 | Ecufj(x)‖ < 0. (NUE)
Condition NUE means that the derivative has expanding behavior in average
over the orbit of x. This implies that x has dim(Ecu) positive Lypaunov ex-
ponents in the Ecux direction. As shown in [2, Theorem C], if condition NUE
holds for every point in a compact invariant set Λ, then Ecu is necessarily
uniformly expanding in Λ, i.e. there is 0 < λ < 1 such that
‖Df−1 | Ecuf(x)‖ ≤ λ, for every x ∈ Λ.
A class of diffeomorphisms with a dominated splitting TM = Ecs ⊕ Ecu
for which NUE holds Lebesgue almost everywhere in M and Ecu is not
uniformly expanding can be found in [1, Appendix A].
Theorem A. Let f : M → M be a C1+α diffeomorphism and let Λ ⊂ M
have a dominated splitting. If there is H ⊂ Λ with Leb(H) > 0 such that
NUE holds for every x ∈ H, then Λ contains some local unstable disk.
We say that a compact invariant set Λ is partially hyperbolic if it has a
dominated splitting TΛM = E
cs⊕Ecu for which Ecs is uniformly contracting
or Ecu is uniformly expanding, meaning that there is 0 < λ < 1 such that
0 < λ < 1 such that ‖Df | Ecsx ‖ ≤ λ for every x ∈ Λ, or ‖Df−1 | Ecuf(x)‖ ≤ λ
for every x ∈ Λ.
The next result is a direct consequence of Theorem A, whenever Ecu is
uniformly expanding. If, on the other hand, Ecs is uniformly contracting,
then we just have to apply Theorem A to f−1.
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Corollary B. Let f : M → M be a C1+α diffeomorphism and let Λ ⊂ M
be a partially hyperbolic set with Leb(Λ) > 0.
(1) If Ecs is uniformly contracting, then Λ contains a local stable disk.
(2) If Ecu is uniformly expanding, then Λ contains a local unstable disk.
In particular, C1+α diffeomorphisms cannot have partially hyperbolic
horseshoes with positive Lebesgue measure. The same holds for partially
hyperbolic sets intersecting a local stable or a local unstable disk in a posi-
tive Lebesgue measure subset, as Corollary D below shows.
Theorem C. Let f : M → M be a C1+α diffeomorphism and let Λ ⊂ M
have a dominated splitting. Assume that there is a local unstable disk γ with
Lebγ(γ ∩Λ) > 0 such that NUE holds for every x ∈ γ ∩Λ. Then Λ contains
some local unstable disk.
The next result is a direct consequence of Theorem C in the case that
Ecu is uniformly expanding, and a consequence of the theorem applied to
f−1 in the case that Ecs is uniformly contracting.
Corollary D. Let f : M → M be a C1+α diffeomorphism and let Λ ⊂ M
be a partially hyperbolic set.
(1) If Ecs is uniformly contracting and there is a local stable disk γ such
that Lebγ(γ ∩ Λ) > 0, then Λ contains a local stable disk.
(2) If Ecu is uniformly expanding and there is a local unstable disk γ
such that Lebγ(γ ∩ Λ) > 0, then Λ contains a local unstable disk.
Theorems A and C are in fact corollaries of a slightly more general result
that we present at the beginning of Section 4.
Acknowledgement. We are grateful to M. Viana for valuable references
on this topic.
2. Ho¨lder control of tangent direction
This section is a survey of results in [1, Section 2] concerning the Ho¨lder
control of the tangent direction of submanifolds. As observed in [1, Remark
2.3] those results are valid for diffeomorphisms of class C1+α. In this section
we only use the existence of a dominated splitting TΛM = E
cs⊕Ecu. We fix
continuous extensions of the two bundles Ecs and Ecu to some neighborhood
U of Λ, that we denote by E˜cs and E˜cu. We do not require these extensions
to be invariant under Df . Given 0 < a < 1, we define the centre-unstable
cone field Ccua = (C
cu
a (x))x∈U of width a by
Ccua (x) =
{
v1 + v2 ∈ E˜csx ⊕ E˜cux such that ‖v1‖ ≤ a‖v2‖
}
. (1)
We define the centre-stable cone field Ccsa = (C
cs
a (x))x∈U of width a in a
similar way, just reversing the roles of the subbundles in (1). We fix a > 0
and U small enough so that, up to slightly increasing λ < 1, the domination
condition remains valid for any pair of vectors in the two cone fields:
‖Df(x)vcs‖ · ‖Df−1(f(x))vcu‖ ≤ λ‖vcs‖ ‖vcu‖
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for every vcs ∈ Ccsa (x), vcu ∈ Ccua (f(x)), and any point x ∈ U ∩ f−1(U).
Note that the centre-unstable cone field is positively invariant:
Df(x)Ccua (x) ⊂ Ccua (f(x)), whenever x, f(x) ∈ U .
Indeed, the domination property together with the invariance of Ecu =
(E˜cu | Λ) imply that
Df(x)Ccua (x) ⊂ Ccuλa(f(x)) ⊂ Ccua (f(x)),
for every x ∈ K. This extends to any x ∈ U ∩ f−1(U) just by continuity.
We say that an embedded C1 submanifold N ⊂ U is tangent to the centre-
unstable cone field if the tangent subspace to N at each point x ∈ N is
contained in the corresponding cone Ccua (x). Then f(N) is also tangent to
the centre-unstable cone field, if it is contained in U , by the domination
property.
Our aim now is to express the notion of Ho¨lder variation of the tangent
bundle in local coordinates. We choose δ0 > 0 small enough so that the
inverse of the exponential map expx is defined on the δ0 neighbourhood of
every point x in U . From now on we identify this neighbourhood of x with
the corresponding neighbourhood Ux of the origin in TxN , through the local
chart defined by exp−1x . Reducing δ0, if necessary, we may suppose that E˜
cs
x
is contained in the centre-stable cone Ccsa (y) of every y ∈ Ux. In particular,
the intersection of Ccua (y) with E˜
cs
x reduces to the zero vector. Then, the
tangent space to N at y is parallel to the graph of a unique linear map
Ax(y) : TxN → E˜csx . Given constants C > 0 and 0 < ζ ≤ 1, we say that the
tangent bundle to N is (C, ζ)-Ho¨lder if for every y ∈ N ∩ Ux and x ∈ V0
‖Ax(y)‖ ≤ Cdx(y)ζ , (2)
where dx(y) denotes the distance from x to y along N ∩ Ux, defined as the
length of the shortest curve connecting x to y inside N ∩ Ux.
Recall that we have chosen the neighbourhood U and the cone width a
sufficiently small so that the domination property remains valid for vectors
in the cones Ccsa (z), C
cu
a (z), and for any point z in U . Then, there exist
λ1 ∈ (λ, 1) and ζ ∈ (0, 1] such that
‖Df(z)vcs‖ · ‖Df−1(f(z))vcu‖1+ζ ≤ λ1 < 1 (3)
for every norm 1 vectors vcs ∈ Ccsa (z) and vcu ∈ Ccua (z), at any z ∈ U .
Then, up to reducing δ0 > 0 and slightly increasing λ1 < 1, condition (3)
remains true if we replace z by any y ∈ Ux, x ∈ U (taking ‖ · ‖ to mean the
Riemannian metric in the corresponding local chart).
We fix ζ and λ1 as above. Given a C
1 submanifold N ⊂ U , we define
κ(N) = inf{C > 0 : the tangent bundle of N is (C, ζ)-Ho¨lder}. (4)
The next result appears in [1, Corollary 2.4].
Proposition 2.1. There exists C1 > 0 such that, given any C
1 submanifold
N ⊂ U tangent to the centre-unstable cone field,
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(1) there exists n0 ≥ 1 such that κ(fn(N)) ≤ C1 for every n ≥ n0 such
that fk(N) ⊂ U for all 0 ≤ k ≤ n;
(2) if κ(N) ≤ C1, then the same is true for every iterate fn(N) such
that fk(N) ⊂ U for all 0 ≤ k ≤ n;
(3) in particular, if N and n are as in (2), then the functions
Jk : f
k(N) ∋ x 7→ log |det (Df | Txfk(N))|, 0 ≤ k ≤ n,
are (L, ζ)-Ho¨lder continuous with L > 0 depending only on C1 and f .
3. Hyperbolic times and bounded distortion
The following notion will allow us to derive uniform behaviour (expansion,
distortion) from the non-uniform expansion.
Definition 3.1. Given σ < 1, we say that n is a σ-hyperbolic time for
x ∈ Λ if
n∏
j=n−k+1
‖Df−1 | Ecufj(x)‖ ≤ σk, for all 1 ≤ k ≤ n.
In particular, if n is a σ-hyperbolic time for x, then Df−k | Ecufn(x) is a
contraction for every 1 ≤ k ≤ n:
‖Df−k | Ecufn(x)‖ ≤
n∏
j=n−k+1
‖Df−1 | Ecufj(x)‖ ≤ σk.
Moreover, if a > 0 is taken sufficiently small in the definition of our cone
fields, and we choose δ1 > 0 also small so that the δ1-neighborhood of Λ
should be contained in U , then by continuity
‖Df−1(f(y))v‖ ≤ 1√
σ
‖Df−1|Ecuf(x)‖ ‖v‖, (5)
whenever x ∈ Λ, dist(x, y) ≤ δ1, and v ∈ Ccua (y).
Given any disk ∆ ⊂M , we use dist∆(x, y) to denote the distance between
x, y ∈ ∆, measured along ∆. The distance from a point x ∈ ∆ to the
boundary of ∆ is dist∆(x, ∂∆) = infy∈∂∆ dist∆(x, y).
Lemma 3.2. Take any C1 disk ∆ ⊂ U of radius δ, with 0 < δ < δ1, tangent
to the centre-unstable cone field. There is n0 ≥ 1 such that if x ∈ ∆ with
dist∆(x, ∂∆) ≥ δ/2 and n ≥ n0 is a σ-hyperbolic time for x, then there is a
neighborhood Vn of x in ∆ such that:
(1) fn maps Vn diffeomorphically onto a disk of radius δ1 around f
n(x)
tangent to the centre-unstable cone field;
(2) for every 1 ≤ k ≤ n and y, z ∈ Vn,
distfn−k(Vn)(f
n−k(y), fn−k(z)) ≤ σk/2 distfn(Vn)(fn(y), fn(z)).
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Proof. First we show that fn(∆) contains some disk of radius δ1 around
fn(x), as long as
n > 2
log(δ/(2δ1))
log(σ)
. (6)
Assume that there is y ∈ ∂∆ with distfn(∆)(fn(x), fn(y)) < δ1. Let η0 be a
curve of minimal length in fn(∆) connecting fn(x) to fn(y). For 0 ≤ k ≤ n
we write ηk = f
n−k(η0). We prove by induction that length(ηk) < σ
k/2δ1,
for 0 ≤ k ≤ n. Let 1 ≤ k ≤ n and assume that
length(ηj) < σ
j/2δ1, for 0 ≤ j ≤ k − 1.
Denote by η˙0(w) the tangent vector to the curve η0 at the point w. Then,
by the choice of δ1 in (5) and the definition of σ-hyperbolic time,
‖Df−k(w)η˙0(w)‖ ≤ σ−k/2 ‖η˙0(w)‖
n∏
j=n−k+1
‖Df−1|Ecufj(x)‖ ≤ σk/2‖η˙0(w)‖.
Hence,
length(ηk) ≤ σk/2 length(η0) < σk/2δ1 .
This completes our induction. In particular, we have length(ηn) < σ
n/2δ1 .
Note that ηn is a curve in ∆ connecting x to y ∈ ∂∆, and so length(ηn) ≥
δ/2. Thus we must have
n < 2
log(δ/(2δ1))
log(σ)
.
Hence fn(∆) contains some disk of radius δ1 around f
n(x) for n as in (6).
Let now ∆1 be the disk of radius δ1 around f
n(x) in fn(∆) and let
Vn = f
−n(∆1), for n as in (6). Take any y, z ∈ Vn and let η0 be a curve of
minimal length in ∆1 connecting f
n(y) to fn(z). Defining ηk = f
n−k(η0),
for 1 ≤ k ≤ n, and arguing as before we inductively prove that for 1 ≤ k ≤ n
length(ηk) ≤ σk/2 length(η0) = σk/2 distfn(Vn)(fn(y), fn(z)),
which implies that for 1 ≤ k ≤ n
distfn−k(Vn)(f
n−k(y), fn−k(z)) ≤ σk/2 distfn(Vn)(fn(y), fn(z)).
This completes the proof of the lemma. 
We shall sometimes refer to the sets Vn as hyperbolic pre-balls and to their
images fn(Vn) as hyperbolic balls. Notice that the latter are indeed balls of
radius δ1.
Corollary 3.3 (Bounded Distortion). There exists C2 > 1 such that
given ∆ as in Lemma 3.2 with κ(∆) ≤ C1, and given any hyperbolic pre-ball
Vn ⊂ ∆ with n ≥ n0, then for all y, z ∈ Vn
1
C2
≤ |detDf
n | Ty∆|
|detDfn | Tz∆| ≤ C2.
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Proof. For 0 ≤ i < n and y ∈ ∆, we denote Ji(y) = |detDf | Tf i(y)f i(∆)|.
Then,
log
|detDfn | Ty∆|
|detDfn | Tz∆| =
n−1∑
i=0
(
log Ji(y)− log Ji(z)
)
.
By Proposition 2.1, log Ji is (L, ζ)-Ho¨lder continuous, for some uniform con-
stant L > 0. Moreover, by Lemma 3.2, the sum of all dist∆(f
j(y), f j(z))ζ
over 0 ≤ j ≤ n is bounded by δ1/(1 − σζ/2). Now it suffices to take
C2 = exp(Lδ1/(1 − σζ/2)). 
4. A local unstable disk inside Λ
Now we are able to prove Theorems A and C. These will be obtained as
corollaries of the next result, as we shall see below.
Theorem 4.1. Let f : M → M be a C1+α diffeomorphism and let Λ ⊂ M
have a dominated splitting. Assume that there is a disk ∆ tangent to the
centre-unstable cone field with Leb∆(∆ ∩ Λ) > 0 such that NUE holds for
every x ∈ ∆ ∩ Λ. Then Λ contains some local unstable disk.
Assume that there is H ⊂ Λ with Leb(H) > 0 such that NUE holds for
every x ∈ H. Choosing a Leb density point of H, we laminate a neigh-
borhood of that point into disks tangent to the centre-unstable cone field
contained in U . Since the relative Lebesgue measure of the intersections of
these disks with H cannot be all equal to zero, we obtain some disk ∆ as in
Theorem 4.1 under the assumption of Theorem A. For Theorem C, observe
that local stable manifolds are tangent to the centre-unstable spaces and
these vary continuously with the points in Λ, thus being locally tangent to
the centre-unstable cone field.
Let us now prove Theorem 4.1. Let ∆ be a disk tangent to the centre-
unstable cone field intersecting Λ in a positive Leb∆ subset such that NUE
holds for every x ∈ ∆ ∩ Λ. Let H = ∆ ∩ Λ. Taking a subset of H, if
necessary, still with positive Leb∆ measure, we may assume that there is
c > 0 such that for every x ∈ H
lim inf
n→+∞
1
n
n∑
j=1
log ‖Df−1 | Ecufj(x)‖ ≤ −c. (7)
Since condition (7) remains valid under iteration, by Proposition 2.1 we may
assume that κ(∆) < C1. It is no restriction to assume that H intersects the
sub-disk of ∆ of radius δ/2, for some 0 < δ < δ1, in a positive Leb∆ subset,
and we do so.
The following lemma is due to Pliss [6], and a proof of it in the present
form can be found in [1, Lemma 3.1].
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Lemma 4.2 (Pliss). Given A ≥ c2 > c1 > 0, let θ = (c2 − c1)/(A − c1).
Given any real numbers a1, . . . , aN such that aj ≤ A and
N∑
j=1
aj ≥ c2N, for every 1 ≤ j ≤ N,
then there are l > θN and 1 < n1 < · · · < nl ≤ N so that
ni∑
j=n+1
aj ≥ c1(ni − n), for every 0 ≤ n < ni and i = 1, . . . , l.
Corollary 4.3. There is σ > 0 such that every x ∈ H has infinitely many
σ-hyperbolic times.
Proof. Given x ∈ H, by (7) we have infinitely many values N for which
N∑
j=1
log ‖Df−1|Ecufj(x)‖ ≤ −
c
2
N.
Then it suffices to take c1 = c/2, c2 = c, A = sup
∣∣ log ‖Df−1|Ecu‖ ∣∣, and
aj = − log ‖Df−1|Ecufj(x)‖ in the previous lemma. 
Note that under assumption (7) we are unable to prove the existence of a
positive frequency of hyperbolic times at infinity. This would be possible if
we had lim sup instead of lim inf in (7), as shown in [1, Corollary 3.2]. The
existence of infinitely many hyperbolic times is enough for what comes next.
Lemma 4.4. There are an infinite sequence of integers 1 ≤ k1 < k2 < · · ·
and, for each n ∈ N, a disk ∆n of radius δ1/4 tangent to the centre-unstable
cone field such that the relative Lebesgue measure of the set fkn(H) in ∆n
converges to 1 as n→∞.
Proof. Let ǫ > 0 be some small number. Let K be a compact subset of H
and A be an open neighborhood of H in ∆ such that
Leb∆(A \K) < ǫLeb∆(K).
It follows from Corollary 4.3 and Lemma 3.2 that we can choose for each
x ∈ K a σ-hyperbolic time n(x) and a hyperbolic pre-ball Vx such that
Vx ⊂ A. Here Vx is the neighborhood of x associated to the hyperbolic
time n(x) constructed in Lemma 3.2, which is mapped diffeomorphically
by fn(x) onto a ball Bδ1(f
n(x)(x)) of radius δ1 around f
n(x)(x) tangent to
the centre-unstable cone field. Let Wx ⊂ Vx be the pre-image of the ball
Bδ1/4(f
n(x)(x)) of radius δ1/4 under this diffeomorphism.
By compactness we have K ⊂ Wx1 ∪ ... ∪Wxs for some x1, ..., xm ∈ K.
Writing
{n1, ..., ns} = {n(x1), ..., n(xm)}, with n1 < n2 < ... < ns, (8)
let U1 ⊂ N be a maximal set of {1, ...,m} such that if u ∈ U1 then n(xu) = n1
and Wxu ∩Wxa = ∅ for all a ∈ U1 with a 6= u. Inductively we define Uj
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for 1 < j ≤ s as follows. Suppose that Uj−1 has already been defined. Let
Uj ⊂ N be a maximal set of {1, . . . ,m} such that if u ∈ Uj then n(xu) = nj
and Wxu ∩Wxa = ∅ for all a ∈ Uj with a 6= u, and also Wxu ∩Wxa = ∅ for
all a ∈ U1 ∪ ... ∪ Uj−1.
Let U = U1 ∪ · · · ∪ Us. By maximality, each Wxi , 1 ≤ i ≤ m, intersects
some Wxu with u ∈ U and n(xi) ≥ n(xu). Thus, given any 1 ≤ i ≤ m and
taking u ∈ U such that Wxi ∩Wxu 6= ∅ and n(xi) ≥ n(xu), we get
fn(xu)(Wxi) ∩Bδ1/4(fn(xu)(xu)) 6= ∅.
Lemma 3.2 assures that
diam(fn(xu)(Wxi)) ≤
δ1
2
σ(n(xi)−n(xu))/2 ≤ δ1
2
,
and so
fn(xu)(Wxi) ⊂ Bδ1(fn(xu)(xu)).
This implies that Wxi ⊂ Vxu . Hence {Vxu}u∈U is a covering of K.
It follows from Corollary 3.3 that there is a uniform constant γ > 0 such
that
Leb∆(Wxu)
Leb∆(Vxu)
≥ γ, for every u ∈ U .
Hence
Leb∆
( ∪u∈U Wxu) = ∑
u∈U
Leb∆(Wxu)
≥
∑
u∈U
γ Leb∆(Vxu)
≥ γ Leb∆
( ∪u∈U Vxu)
≥ γ Leb∆(K).
Setting
ρ = min
{
Leb∆(Wxu \K)
Leb∆(Wxu)
: u ∈ U
}
,
we have
εLeb∆(K) ≥ Leb∆(A \K)
≥ Leb∆
( ∪u∈U Wxu \K)
≥
∑
u∈U
Leb∆(Wxu \K)
≥ ρLeb∆
( ∪u∈U Wxu)
≥ ργ Leb∆(K).
This implies that ρ < ε/γ. Since ε > 0 can be taken arbitrarily small,
we may always choose Wxu such that the relative Lebesgue measure of K
in Wxu is arbitrarily close to 1. Then, by bounded distortion, the relative
Lebesgue measure of fn(xu)(H) ⊃ fn(xu)(K) in fn(xu)(Wxu), which is a disk
of radius δ1/4 around f
n(xu)(xu) tangent to centre-unstable cone field, is
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also arbitrarily close to 1. Observe that since points in H have infinitely
many hyperbolic times, we may take the integer n(xu) arbitrarily large, as
long as n1 in (8) is also taken large enough. 
Proposition 4.5. There is a local unstable disk ∆∞ of radius δ1/4 inside Λ.
Proof. Let (∆n)n be the sequence of disks given by Lemma 4.4, and consider
(xn)n the sequence of points at which these disks are centered. Up to taking
subsequences, we may assume that the centers of the disks converge to some
point x. Using Ascoli-Arzela, the disks converge to some disk ∆∞ centered
at x. By construction, every point in ∆∞ is accumulated by some orbit of
a point in H ⊂ Λ, and so ∆∞ ⊂ Λ.
Note that each ∆n is contained in the kn-iterate of ∆, which is a disk
tangent to the centre-unstable cone field. The domination property implies
that the angle between ∆n and E
cu goes to zero as n → ∞, uniformly on
Λ. In particular, ∆∞ is tangent to E
cu at every point in ∆∞ ⊂ Λ. By
Lemma 3.2, given any k ≥ 1, then f−k is a σk/2-contraction on ∆n for every
large n. Passing to the limit, we get that f−k is a σk/2-contraction on ∆∞
for every k ≥ 1.
In particular, we have shown that the subspace Ecux is uniformly expand-
ing for Df . The fact that the Df -invariant splitting TΛM = E
cs ⊕ Ecu
is a dominated splitting implies that any expansion Df may exhibit along
the complementary direction Ecsx is weaker than the expansion in the E
cu
x
direction. Then, by [5], there exists a unique unstable manifold W uloc(x)
tangent to Ecu and which is contracted by the negative iterates of f . Since
∆∞ is contracted by every f
−k, and all its negative iterates are tangent to
centre-unstable cone field, then ∆∞ is contained in W
u
loc(x). 
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